While investigating estimates of the form (1) and (2) we have two problems. The first is to show that a finite constant A q, Bq satisfying
(1) or (2) exists. The second problem is to obtain the smallest value of the constants which satisfy (1) or (2) . In this paper we shall prove some theorems which include and generalize known results of the form (1) and (2) . In the statement of our results y will denote the Euler constant, logarithms will have the base e, {4"'} wiH denote the Cesàro transform of order a (a> -1) of the sequence {s"}, that is M /re + a\-1 JL /re -m + a -1\ T(ß + 1) JMoreover, the constant Af* is the best in the following sense. There is a real sequence {sn} such that 0<lim sup",w |ajf| < + <» and the members on both sides of inequality (5) are equal.
The special case /3 = 0 of Theorem 1 is due to R. P. Agnew [l] .
[April The special case ß= 1, q= 1 is due to P. Hartman [3] . That some result like Theorem 1 may be true was suggested by the following heuristic consideration.
If an inequality of the form (1) is true for some finite constant Aq then Abel summability and nan = 0(1) will imply s" = 0(l) (more is known, in fact, that {s"} is even convergent).
In addition, if an inequality of the form (2) is true for some finite constant Bq, then Abel summability and a^1' = 0(1) will imply sn = 0(l) (in this case it is known that Abel summability of {sn} and o^° = 0(l) imply the (C, e) summability of {sn}, for each e>0, and by the identity s" -41) = a£\ {sn} is bounded). Now, it is known ( [4] , Theorem (6.2) and the remark after it) that if {sn} is summable Abel and for some a^O, a^ = 0(1) then {sn} is summable (C, a -1+e), for each e>0, and in particular {sn} is summable (C, [a]) which implies in particular cn(ta]) = 0(l). The truth of (1) and (2) for finite constants Aq, Bq suggested, by the above consideration, that for O^jSiSl inequality (5) may be true for a finite constant Aqß); and this is proved in Theorem 1. The above considerations suggest even more. They suggest the following theorem, which, as we shall show, is true. Moreover, the constant Cqa'ß) is the best in the following sense. There is a real sequence {sn} such that 0<lim supn<00 |aif'| < + ^ and the members of inequality (7) are equal.
Theorem 1 is the special case cc = 0, 0^/3^1, of Theorem 2. While proving Theorem 2 we shall obtain the following result too. Moreover, the constant DQa,ß) is the best in the following sense. There is a real sequence {sn} such that 0 <lim sup"..M | a^f'| < + °° and the members of inequality (8) are equal.
The special case a = Q, ß=l of Theorem 3 is a special case of a theorem of V. Garten [2] .
In §3 we shall give some results concerning relations between limits points of a sequence {sn} and the limit points of its Abel transform t(x). The proof follows immediately from (14).
Theorem E. Let a be a real number satisfying a> -1. Then the convergent series Zn-oö» where a0 = 0 and 1 In -a -1\ an = -( ), for re = 1, 2, re \ re / , is summable (C, -1+e) (to its sum) for each e>0; in particular the series is summable (C, a) (to its sum).
Proof. Our series is convergent because, for a = 0, 1, 2, • • ■ , its terms are zero from some place on, and for a> -1, a 5^0, 1, • • -, ak>-^{T( -a) }-1k~ia+2) as k->°°. Now, wa"->0 as re-»°°, therefore, by a well-known theorem, our series is summable (C, -1 +e) (to its sum) for each e>0. Since a> -1 our series is also summable (C, a) to its sum. Q.E.D. Denote by 2' a limit point of a sequence { j"} . We denote by z" a limit point, as x->1, of the Abel transform t(x) of the sequence \sn\. Then we obtain from Theorem 2 and Theorem 4 the following result concerning limit points 2' and 2". 
